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$k$ $Z\ni l>m>n>0$ $gcd(l, m, n)=1$ Affine space
monomial curve $C=$ { $(x,$ $y,$ $z)$ 3 $|x=u^{l},$ $y=u^{m},$ $z=u^{n}$ } $p$
$p$ Rees $R(p)= \sum_{i\geq 0}p^{\dot{t}}t^{i}\subset A[t]$ ( $t$ $A$ ) complete intersection
$C$ projective closure $\overline{C}$ $\overline{C}$
$P$ Rees $R(P)$
$A=k[X, Y, Z],$ $k[U]$ $k$-algebra map $\varphi$ : $Aarrow k[U]$ $\varphi(X)=U^{l}$ ,
$\varphi(Y)=U^{m},$ $\varphi(Z)=U^{n}$ $p(l, m, n)=Ker\varphi$ curve $C$
$p=p(l, m, n)$ k-algebra map $\Phi$ : $B=$
$k[X, Y, Z, W]arrow k[U, V]$ $\Phi(X)=U^{l},$ $\Phi(Y)=U^{m}V^{l-m},$ $\Phi(Z)=U^{n}V^{l-n},$ $\Phi(W)=V^{l}\vee C$
$\overline{C}$ $P=P(l, m, n)=Ker\Phi$ $P$ $p$
$P=(^{h}f|f\in p)$ , $f$ $hf$
$f=f(X, Y, Z)$
$hf=W^{\deg f}f(X/W, Y/W, Z/W)$ ( $\degh$ total degree)
Rees $R(P)$ $P$
$P$ Gr\"obner









$A\ni f\neq 0$ $f$ initial term ( $f$ monomial
1 ) in $(f)$ $I\subset A$ in(I) $=(in(f)|f\in$






monomial ordering graded $p=p(l, m, n)$
Gr\"obner $P=P(l, m, n)$ Gr\"obner
Gr\"obner $P$
2 in $(p)$
in $(p)$ $\mu(in(p))$ in $(p)$
$P$ \mbox{\boldmath $\mu$}(in(p)) $\leq 3$ $B/P$ Cohen-Macaulay
$R(P)$ complete intersection $\mu(in(p))=4$
1.1 $p=p(l, m, n),$ $P=P(l, m, n)$ $\mu(in(p))=4$ $R(P)$ Gorenstein
3
2 initial term
$\rho$ : $Z^{3}arrow Z$ $\rho(a, b, c)=la+mb+nc$ $Z^{3}\ni v$
$v=v^{+}-v^{-}$ $A$ binomial $F_{v}$ $F_{v}=X^{v^{+}}-X^{v^{-}}$
Herzog [2] $p=p(l, m, n)$
$p=I_{2}(\begin{array}{lll}X^{a\iota} Y^{b_{1}} Z^{c\iota}]^{/^{-}b_{2}} Z^{c_{2}} X^{a_{2}}\end{array})$
$u_{1}=(-a_{1}-a_{2}, b_{2}, c_{1}),$ $u_{2}=(a_{2}, b_{1}, -c_{1}-c_{2})$
$u_{1},$ $u_{2}\in Ker\rho$
2.1 ([2]) $Ker\rho=<u_{1},$ $u_{2}>$
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$u_{3}=u_{1}+u_{2}=(-a_{1}, b_{1}+b_{2}, -c_{2})$ $p=(F_{u_{1}}, F_{u_{2}}, F_{u_{3}})$
$\mathbb{N}=\{0,1,2, \ldots\}$ $\lambda^{*}$ $:=\rho|_{N^{3}}$ : $\mathbb{N}^{3}arrow \mathbb{N}$ $\lambda^{*}$
$\lambda=\{(u, v)\in \mathbb{N}^{3}\cross \mathbb{N}^{3}|\lambda^{*}(u)=\lambda^{*}(v)\}$ ( congruence ( [2] ) $\circ$
$\sigma=$ $\{(u_{i}^{+}, u_{t}^{-})|i=1,2,3\}$ $\sigma$ congruence
[2, Proposition 1.5] $\overline{\sigma}=\lambda$ $Z^{3}$
$<u-v|(u, v)\in\sigma>=<u-v|(u, v)\in\overline{\sigma}>$
$Ker\rho=\{u-v|(u, v)\in\lambda\}=<u_{1},$ $u_{2},$ $u_{3}>=<u_{1},$ $u_{2}>$
in $(p)$ {in $(f)|f\in p$ }
in $(p)=(in(F_{v})|v\in Ker\rho)$ 2.1 in $(p)=$
$(in(F_{v})|v=iu_{1}+ju_{2}, i, j\in Z)$ $Z^{3}\ni v$ $v=(v^{(1)}, v^{(2)}, v^{(3)})$
$|v|=v^{(1)}+v^{(2)}+v^{(3)}$ $l>m>n$
$|u_{1}|>0,$ $|u_{2}|<0$
22 $(a_{1}+a_{2})/a_{2}>$ $-|u_{1}|/|u_{2}|>$ $cl/(c_{1}+c_{2})$ .
$\ovalbox{\tt\small REJECT}/p\ovalbox{\tt\small REJECT}$ 1 Cohen-Macaulay
$l=e_{X}(\hat{A}/p\hat{A})=\ell_{\dot{A}}(\hat{A}/(p\hat{A}+(X)))=b_{1}c_{1}+b_{2}c_{1}+b_{2}c_{2}$ ,





$i_{k}= \min\{i\in Z|-|u_{2}|k\leq|u_{1}|i\}$ , $k=1,2,$ $\ldots$
$t= \min\{Z\ni k>0|(c_{1}+c_{2})i_{k}\geq c_{1}k\}$
$Ker\rho$ $v=iu_{1}+ju_{2}$ $v=(i, j)$
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23
in $(p)=(in(F_{v})|v$ $====$ $(i^{k}-(i,k)_{1,k)}(i,1)(1_{k},0)$ $i-i_{k-1}\geq 22_{k}\leq k\leq t^{1}0\leq i\leq iB^{a\prime}\supset 2\leq k\leq|u_{1}|)$
$v=iu_{1}+ju_{2}$ $v^{(1)}=-i(a_{1}+a_{2})+ja_{2},$ $v^{(2)}=ib_{2}+jb_{1},$ $v^{(3)}=ic_{1}-j(c_{1}+c_{2})$ ,
$|v|=i|u_{1}|+j|u_{2}|$ $Z^{2}$ $D_{1},$ $D_{2)}D_{3},$ $D_{4}$
$D_{1}=$ $\{(0,0)\neq(i, j)\in Z^{2}| ib_{2}+jb_{1}\geq 0, -i(a_{1}+a_{2})+ja_{2}\geq 0\}$
$D_{2}=$ $\{(0,0)\neq(i, j)\in Z^{2}| -i(a_{1}+a_{2})+ja_{2}<0, i|u_{1}|+j|u_{2}|<0\}$
$D_{3}=$ $\{(0,0)\neq(i, j)\in Z^{2}| i|u_{1}|+j|u_{2}|\geq 0, ic_{1}-j(c_{1}+c_{2})\leq 0\}$
$D_{4}=$ $\{(0,0)\neq(i, j)\in Z^{2}| ic_{1}-j(c_{1}+c_{2})>0, ib_{2}+jb_{1}>0\}$
22 $D_{i}(i=1,2,3,4)$
$F_{-v}=-F_{v}$
in $(p)=(in(F_{v})|v\in D_{1}\cup D_{2}\cup D_{3}\cup D_{4})$
$v$ $D_{1},$ $D_{2},$ $D_{3},$ $D_{4}$
(I) $v\in D_{1}$ $v^{(1)}\geq 0,$ $v^{(2)}\geq 0,$ $v^{(3)}<0,$ $|v|<0$ in $(F_{v})=X^{v^{-}}=Z^{J(c_{1}+c_{2})-ic_{1}}$
$\min\{j(c_{1}+c_{2})-ic_{1}|(i, j)\in D_{1}\}$ $(i, j)=(0,1)$ $(1, 1)$
(in $(F_{v})|v\in D_{1}$ ) $\subset(in(F_{(0,1)}), in(F_{(1,1)}))$
(II) $t$
$\{(i, j)\in Z^{2}|0\leq i<i_{t}, j\geq 0\}\cap D_{3}=\emptyset$
$\{(i, j)\in Z^{2}|.0\leq i, 0\leq j<t\}\cap D_{3}=\emptyset$
$v\in D_{3}$ $v^{(1)}<0,$ $v^{(2)}>0,$ $v^{(3)}\leq 0,$ $|v|\geq 0$ in $(F_{v})=Y^{it\}}2+J^{b_{1}}$
$\min\{ib_{2}+jb_{1}|(i, j)\in D_{3}\}=i_{t}b_{2}+tb_{1}$
(in $(F_{v})|v\in D_{3}$ ) $\subset(in(F_{(\mathfrak{i}_{t},t)}))$
(III) $v\in D_{4}$ in $(F_{v})=Y^{ib_{2}+jb_{1}}Z^{ic_{1}-J(c_{1}+c_{2})}$ $D_{4}$ $C_{1},$ $C_{2},$ $C_{3}$
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$C_{1}$ $=$ $\{(i, j)\in D_{4}|(i-i_{t})b_{2}+(j-t)b_{1}\geq 0\}$
$C_{2}$ $=$ $\{(i, j)\in D_{4}|j<0\}$
$C_{3}$ $=$ $\{(i, j)\in D_{4}|(i-1)b_{2}+jb_{1}\geq 0, (i-1)c_{1}-j(c_{1}+c_{2})\geq 0\}$
$D_{4}=C_{1}\cup C_{2}\cup C_{3}\cup\{(i_{k}, k)|1\leq k\leq t-1\}$ $v\in C_{1}$ in $(F_{v})$ $Y$
in $(F_{v})\in(in(F_{(i_{t},t)}))$ (in$(F_{v})|v\in C_{2}$ ) $\subset(in(F_{(0,1)}))$
(in $(F_{v})|v\in C_{3}$ ) $\subset(in(F_{(1,0)}))$
(in $(F_{v})|v\in D_{4}$ ) $\subset(in(F_{v})|v=(0,1),$ $(1,0),$ $(i_{k}, k)1\leq k\leq t)$
(VI) $v\in D_{2}$ in $(F_{v})=X^{i(a_{1}+a_{2})-J^{a_{2}}}Z^{j(c_{1}+c_{2})-\dot{t}c_{1}}$ $D_{2}$
$E_{0}$
$E_{0}=\{(i, j)\in D_{2}|(j-1)(c_{1}+c_{2})-ic_{1}\geq 0\}$
(in$(F_{v})|v\in E_{0}$ ) $\subset(in(F_{(0,1)}))$ $|u_{1}|+|u_{2}|\geq 0$ $D_{2}=E_{0}$
$|u_{1}|+|u_{2}|<0$ $1<i_{1}<i_{2}<\ldots$ $D_{2}$ $E_{1},$ $E_{2}$ ,
..., $E_{\dot{t}_{1}}-1$
$E_{r}=\{(i, j)\in D_{2}|(j-1)(c_{1}+c_{2})-(i-r)c_{1}\geq 0, (i-r)(a_{1}+a_{2})-(j-1)a_{2}\geq 0\}$
(in $(F_{v})|v\in E_{r}$ ) $\subset(in(F_{(1,r)}))$ , $r=1,2,$ $\ldots,$ $i_{1}-1$
$v \in D_{2}\backslash \bigcup_{r=0}^{i_{1}-1}E_{r}$
$v \in D_{2}\backslash \bigcup_{r^{1}=0}^{i-1}E_{r}$ $v=(i_{k}-1, k)$ ( $k\geq 2$ ) $-1=i_{k-1}$
$(i_{k}-1, k)\in E_{k-1}$ $k>|u_{1}|$ $v’=(i_{k}-1+|u_{2}|, k-|u_{1}|)\in$
$D_{2}$ in $(F_{v})\in(in(F_{v’}))$ .
(in $(F_{v})|v\in D_{2}$ ) $\subset(in(F_{v})|v=(i_{k}^{r}-1, k),l^{\underline{B}^{1}}\text{ ^{}-}i^{1_{k}}-i_{k-1}v\in E,0\leq r\leq i\geq 2B_{aQ}2\leq k\leq|u_{1}|)$ .
space monomial curve $p$




$(\begin{array}{lll}X^{2} Y^{0} Z^{5}Y^{3} Z^{0} X^{2}\end{array})$ , $(\begin{array}{lll}X^{0} Y^{3} Z^{5}Y^{0} Z^{5} X^{2}\end{array})$




best possible projectiv space monomial curve
$P(l, m, n)$
2.5 $\mu(in(p(l, m, n)))\leq l-n+1$
$\mu(in(p))\leq 2$ $\mu(in(p))\geq 3$ $M$ 2.4
$c_{1}+c_{2}>c_{1}$
$i_{1}<i_{2}<\ldots$
$\#\{(i, 1)|1\leq i\leq i_{1}\}+\#\{(i_{k}, k)|2\leq k\leq t\}$
$+$ $\#\{(i_{k}-1, k)|i_{k}-i_{k-1}\geq 2,2\leq k\leq t\}\leq i_{t}$
$\#\{(1,0), (0,1)\}+\#\{(i_{k}-1, k)|t+1\leq k\leq|u_{1}|\}$
$=$ $2+|u_{1}|-t\leq 2+i_{|u_{1}|}-i_{t}$
$i_{|u_{1}|}=-|u_{2}|$ $\mu(in(p))\leq 2-|u_{2}|$ $F_{(1,1)}=$
$Y^{b_{1}+b_{2}}-X^{a_{1}}Z^{c_{2}}$







26 $\mu(in(p))=4$ $t=1,$ $i_{1}=2$
$p$ $M$ $a_{1},$ $b_{2},$ $c_{1},$ $c_{2}>0$ 2.3 (in $(p)$ )
$Y$ $Z$ $X$ $v\in D_{1}\cup D_{3}\cup D_{4}$
in $(F_{(0,1)})=Z^{c\iota+c_{2}}$ in $(F_{(1,0)})=Y^{b_{2}}Z^{c\iota}$
in $(F_{(i_{t},t)})=Y^{i_{t}b_{2}+tb_{1}}$ in $(F_{(i_{k},k)})=Y^{\dot{\iota}b_{2}+kb_{1}}kZ^{i_{k}c\iota-k(c\iota+c_{2})}(1\leq k\leq t-1)$
$Y$ $Z$
$c_{1}+c_{2}$ $>$ $c_{1}$ $>$ $i_{1}c_{1}-(c_{1}+c_{2})$ $>$ $0$






$(i_{k}-1)(a_{1}+a_{2})-ka_{2}$ $>$ $(i_{1}-1)(a_{1}+a_{2})-a_{2}(k\geq 2)$
$\{F_{(\dot{\iota},1)}|1\leq i\leq i_{1}-1\}$ in$(p)$
$\mu(in(p))=4$ $t=1,$ $i_{1}=2$
3 Rees Gorenstein
$B=k[X, Y, Z, W]$ $k[U, V]$ $k$ k-algebra map $\Phi$ : $Barrow k[U, V]$
$\Phi(X)=U^{l},$ $\Phi(Y)=U^{m}V^{l-m},$ $\Phi(Z)=U^{n}V^{l-n},$ $\Phi(W)=V^{l}$ ,
$P(l, m, n)=Ker\Phi$ $B$ $\deg X=\deg Y=\deg Z=\deg W=1$
$P(l, m, n)$ $p(l, m, n)$ Gr\"obner
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Gr\"obner in $(p(l, m, n))$
$p=p(l, m, n),$ $P=P(l, m, n)$ $\mu(in(p))=4$





$d_{1}$ $F_{(2,1)}$ monomial $d_{1}=(b_{1}+2b_{2})-(2a_{1}+$
$a_{2})-(c_{2}-c_{1})$ $d_{2}$ $F_{(1,1)}$ monomial $d_{2}=(a_{1}+c_{2})-(b_{1}+b_{2})$
$d_{1}+d_{2}=(b_{2}+c_{1})-(a_{1}+a_{2}),$ $d_{1}+2d_{2}=(c_{1}+c_{2})-(a_{2}+b_{1})$










$S=B[T_{1}, T_{2}, T_{3}, T_{4}]$ $B[t]$ B-algebra map $\Psi$ : $Sarrow B[t]$ $\Psi(T_{\dot{l}})=F_{i}$











$IS[1/W]=JS[1/W]$ $I,$ $J$ $S$ $(IS[1/W])_{0}=$
$(JS[1/VV])_{0}$ $J$ $S$ 3 $(JS[1/W])_{0}$ 3





$p=I_{2}(\begin{array}{lll}x^{a_{1}} y^{b_{1}} z^{c_{1}}y^{b\eta} z^{c_{2}} x^{a_{2}}\end{array})$ Rees $R(p)$ $R(p)\cong Sym(p)\cong$
$k[x, y, z, t_{1}, t_{2}, t_{3}]/Q$ $Q=(x^{a\iota}t_{1}+y^{b_{1}}t_{2}+z^{c_{1}}t_{3}, y^{b_{2}}t_{1}+z^{c_{2}}t_{2}+x^{a_{2}}t_{3})$









$\{\begin{array}{lllll}0 -T_{2} -Z^{c_{2}-c_{1}}T_{1} T_{3} W^{d_{2}}T_{2} 0 X^{a_{2}}W^{d_{1}}T_{3} -Y^{b_{1}}T_{1} -Z^{c_{1}}Z^{c_{2}-c_{1}}T_{1} -X^{a_{2}}W^{d_{1}}T_{3} 0 T_{4} Y^{b_{2}}-T_{3} Y^{b_{1}}T_{1} -T_{4} 0 X^{a_{1}}-W^{d_{2}} Z^{c_{1}} -Y^{b_{2}} -X^{a_{2}} 0\end{array}\}$ .
1.1 3.2 $J\in{\rm Min} S/I$ $J=IS_{J}\cap S$ . Ass $S/I\ni Q\neq J$
3.2 $Q\supset I+(X, W)$ $a_{1},$ $d_{2}>0$
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$Q\supset(\begin{array}{l}Y^{b_{2}}T_{3}-Z^{c_{1}}T_{4}+Y^{b_{1}+b_{2}}T_{1}Y^{b_{2}}T_{2}+Z^{c_{2}}T_{1}-Z^{c_{1}}T_{3}-Y^{b_{2}}Z^{c_{2}-c_{1}}T_{1^{2}}-T_{2}T_{3}+X^{a_{2}}W^{d_{1}}T_{3}^{2}\end{array})+(X, W)$
ht $Q\geq 4$ ht $J=3$ ht $I=3$ [1, Theorem
2.1] $S/I$ 5 Gorenstein Ass $S/I\ni Q\neq J$
$Q$ Asss $S/I=Assh_{S}S/I$ $\dim S/Q=5$
$I=J$
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